EQUILIBRIUM MEASURES FOR UNIFORMLY 
QUASIREGULAR DYNAMICS 



YUSUKE OKUYAMA AND PEKKA PANKKA 



Abstract. We establish the existence and fundamental properties of 
the equilibrium measure in uniformly quasiregular dynamics. We show 
that a uniformly quasiregular endomorphism / of degree at least 2 on a 
closed Riemannian manifold admits an equilibrium measure fif, which 
is balanced and invariant under / and non-atomic, and whose support 
agrees with the Julia set of /. Furthermore we show that / is strongly 
mixing with respect to the measure jif. We also characterize the mea- 
sure fif using an approximation property by iterated pullbacks of points 
under / up to a set of exceptional initial points of Hausdorff dimen- 
sion at most n — 1. These dynamical mixing and approximation re- 
sults are reminiscent of the Mattila-Rickman equidistribution theorem 
for quasiregular mappings. Our methods are based on the existence of 
an invariant measurable conformal structure due to Iwaniec and Martin 
and the .4-harmonic potential theory. 



1. Introduction 

By the classical Liouville theorem, conformal mappings on the standard 
n-sphere S n are Mobious transformations for n > 3. Quite surprisingly, 
Iwaniec and Martin showed in [11] that there exist measurable conformal 
structures on the n-sphere § n admitting conformal mappings that are not 
local homeomorphisms. These measurable conformal structures are quasi- 
conformally equivalent to the standard conformal structure on §>" and these 
conformal mappings, that plays the role in rational maps, are uniformly 
quasiregular with respect to the standard structure. 

Recall that a continuous mapping / : M — > M on an oriented Riemannian 
n- manifold M is K -quasiregular, for some K > 1, if / belongs to the local 
Sobolev space W^(M., M) and satisfies the distortion inequality 

(1.1) \\Df\\ n <KJ f a.e. M, 

where ||-D/|| is the point-wise operator norm of the differential Df of the 
mapping / and Jf is the Jacobian determinant of the differential. A quasireg- 
ular endomorphism / : M — > M is said to be uniformly quasiregular if there 
exists K > 1 so that all the iterates of / are .fT-quasiregular. 
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Results of Peltonen [20J and Astola, Kangaslampi, and Peltonen pQ show 
that the existence of branching uniformly quasiregular dynamics is not lim- 
ited to S n . However, results of Martin, Meyer, and Peltonen [15] show that, 
among space forms, only spherical space forms admit branching uniformly 
quasiregular endomorphisms; see [15] for the terminology and for related 
results. Since the existence question of branching uniformly quasiregular 
dynamics is interesting also for manifolds that are not space forms, we state 
our results for general closed manifolds. 

To state our main results, we recall that a Borel measure [i on M is 
balanced under f if 

f*H = (deg f)fi, 

where f*/i is the pull-back of \i under /; see Section [5] for details. We note 
that if \i is balanced under /, then it is invariant under /, that is, = fi. 

Our main result is the following existence theorem for an invariant mea- 
sure; the approximation property of [if is reminiscent to the complex ana- 
lytic case, see Lyubich [13] . 

In all of the following statements, we assume that M is closed, connected, 
and oriented Riemannian n-manifold. Here — 1 means the weak convergence 
of measures on M. 

Theorem 1. Let f : M — > M be a uniformly quasiregular endomorphism 
of degree d > 1. Then there exists an invariant measure [if satisfying the 
approximation (or equidistribution) property 

(f k )*Sg 

as k —7- oo for every a G M except for a subset of Hausdorff dimension at 
most n — 1 in M. 

We prove Theorem Q] in two parts: first the existence in Theorem 15.21 and 
then the approximation (or equidistribution) property in Theorem 17.11 

We call the measure /x/ is an equilibrium measure of f since this measure 
has properties familiar from complex dynamics. Here, the Julia set of / is 
defined by 

J(f) := {x e M; {f k ; k € N} is not normal on any open ball around x}. 

Theorem 2. Let f : M — >■ M be a uniformly quasiregular endomorphism of 
degree d > 1. Then the equilibrium measure [if is non-atomic and balanced 
under f , and the support spt/// agrees with J{f)- 

As our final result, we show that / is mixing with respect to [if. This re- 
sult and the approximation property with respect to fif in Theorem[T]can be 
viewed as dynamical counterparts of the Mattila-Rickman equidistribution 
theorem [18\ Theorem 5.1]. 

Theorem 3. Let f : M — > M be a uniformly quasiregular endomorphism 
of degree d > 1. Then f is strongly mixing with respect to the invariant 
measure fij, that is, for every <fi, ip E L 2 (iif), 

(1.2) lim / (00/*)^/= / $diif [ c^dfif. 

Ln particular, [if is ergodic under f . 
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The proofs of Theorems [I] and [3] are, in spirit, potential theoretic. Given a 
manifold M and a uniformly quasiregular endomorphism / of M, we interpret 
the invariant conformal structure of Iwaniec and Martin in terms of the 
given Riemannian structure. This translates the n-Laplace operator A„ of 
the measurable conformal structure to an /-invariant ,4-harmonic equation. 
Although the n-Laplace operator A n and the corresponding ^4-harmonic 
operator are non-linear, the methods in [5] are within our reach. 



Let M be a closed, oriented, and connected Riemannian n-manifold, n > 
2. We denote the Riemannian metric on M by (•, •) and the induced distance 
between points x and y on M by \x— y\. Given x £ M and r > 0, we denote by 
B(x,r) the open ball of radius r about x in this metric. The corresponding 
closed ball is B(x,r). We denote by voIm the volume form induced by this 
metric. We denote by H s the Hausdorff s-measure on M associated to the 
distance. 

We denote by L p (/\ m M) the space of p-integrable m-forms on M and 
by W 1,p (/\ m M) the Sobolev space of p-integrable m-forms having (weak) 
exterior derivative in L P (M); see [T2] for details. We denote also by * the 
Hodge star associated to the Riemannian metric and by d* the co- exterior 
derivative on M, that is, the operator d* = (— l) m ( n ~ m ) -kd-k on m-forms. 

Given a measure \i on M, we denote the support of u, i.e. the smallest 
closed set E satisfying u(M \ E) = 0, by spt [i. 

Throughout the article we consider quasiregular endomorphisms / on 
closed Riemannian n-manifolds M, that is, continuous mappings M — > M 
in the Sobolev class VF 1,n (M, M) satisfying the distortion inequality (jl.ip . 
We define the Sobolev space W 1,n (M, M) as in [6], that is, we fix a smooth 
Nash embedding i: M R N , and say that / € W 1 ' n (M,M) if coordinates 
of l o / are Sobolev functions in VF 1,n (M). 

The push- forward /*^: M R of ip G C°(M) by a quasiregular endo- 
morphism / on M is defined by 



where i(x, f) is the local index of f at x; see e.g. [22], Section 4]. In particular, 
f*ip is continuous and belongs to W 1,n (M); see [TJ Lemmas 14.30 and 14.31]. 
Given a Borel measure /1011M the pull-back measure f*fi is defined by the 
formula 



where <j) £ C°(M). 

In the proof of Theorem [1] we use both classical potential theory of mea- 
sures and non-linear potential theory of ^4-harmonic equations. We recall 
now some classical facts on potential theory that will be used in the following 
sections. 



2. Preliminaries 
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Given a finite Borel measure [i on M, we denote by U^(x) the (Riesz) 
1-potential of \i at x G M, that is, 



U»(x) 



y \n-l 



for x G M. 

Given a compact set E C M, the energy functional 

(2.i) am - ' ' d/i(x)d/i(y) 



'eJe \x-y\ n 1 

admits the unique minimizer A^ among all probability Borel measures fj, on 
E if sup„ Ji(//) < oo, where ranges over all probability Borel measures 
on E; see e.g. [131 Chapter II §1]. We call the measure Xe the equilibrium 
measure of E with respect to the Riesz 1-capacity and denote by W\(E) the 
minimal energy Ji(Ae). The Riesz 1-capacity C\[E) of the compact set E 
is 

We have 

(2 - 2) s cm 

for all x € M; in fact, U Xe = Ci(E)- 1 in spt n \ E', where Ci(£^) = 0; see 
6-g- [13 p. 137] for more details. 

3. 4-HARMONIC POTENTIALS 

In this section we prove the following proposition on the existence of 
solutions to certain 4-harmonic Poisson-type equations. 

Proposition 3.1. Let f : M — > M be a K-quasiregular endomorphism of 
degree d > 0. Then there exists p = p(n, K) > 1 so that for every uj G 
L p (/\ n M), the following A-harmonic equation 

(3.1) d*4(d«) = * f ^ - w 



/ias a solution u £W 



l,n( 



In (|3.1|) . 4 is a uniformly elliptic measurable bundle map A : T*M — > T*M 
so that there exist a > and 6 > satisfying the following conditions: 

(1) (.4(0 - A(o,t - o > + icir- 2 ie - ci 2 , 

(2) |4(o-4(oi<6(iei + icir- 2 ie-ci,and 

(3) 4(i£) = t\t\ n - 2 A(0 

for all £, C G T*M, t G R, and for almost all x G M. Furthermore, we assume 
that for every measurable 1-form u on M, so is x i— > 4 x (u;). We refer [7] 
for a detailed discussion on the non-linear potential theory of 4-harmonic 
equations. 

The proof of Proposition l3.1l is based on the higher integrability of quasireg- 
ular mappings and the following lemma on solvability of 4-harmonic Poisson 
equations. 
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Lemma 3.2. Let p > 1 and let oj G L p (/\ n TM) be an n-form so that 
(3.2) / u = 0. 



T/ien i/iere exists a solution u G W 1,n (M) to £/te A-harmonic equation 
(3.3) d*^(dn) = *w, 

Proof. By (j3.2|) . a; is weakly exact and there exists an (n — l)-form r G 
L p (/\ n ~ M) so that dr = u;. Moreover, by the Poincare inequality for 
differential forms, there exits a weakly closed (n — l)-form ro so that t — to € 
W 1 ^(/\ n ~ 1 U); see P2J Theorem 6.4]. Since d(r - r ) = dr = u, we may 
assume that r € W^A™ -1 M). Since 

d*A(du) = -kuj = -kdr, 

it suffices to show that, up to a sign, there exists u so that 

*A(du) = t. 

Since p > 1, the Sobolev embedding theorem concludes t G L p (/\ n-1 M), 
where := npj(n — p). Since p* > n/(n — 1) and A: L n (/\ 1 M) — > 
L n K n ~ ^ (/\ M) is surjective by the Minty-Browder theorem, there exists 
a solution it G W 1,n (M); see [121 Section 8] and, e.g., [H Sections 2.3 and 
2.4] for details. □ 

Proof of Proposition 13.11 By change of variables, 



CO 



for each w G -^ 1 (A™ M); see e.g. [T7J. Thus, by Lemma [372]. it suffices to show 
that for each s > 1, there exists p = p(n, K, s) > 1 so that f*oj G L s (f\ n M) 
if a; G L P (/\"M); this is a direct consequence of the higher integrability of 
derivatives of quasiregular mappings. 

Since / is -ftT-quasiregular, there exists r = r(n, K) so that / G W ,r (M, M); 
see e.g. jH3|T|. In particular, \Df\ G L r (M). Since J f < \Df\ n almost 
everywhere, we have Jf G L 9 (M), where q = q(n, K) := r/n > 1. 

Thus for every s > 1, there exists p = p(q(n, K), s) > 1 so that f*u G 
L s (/\ n M) for all u G L P (A"M). Indeed, fix s > 1, and then there exists 
P = P(n,K,s) G (0,1) so that (3q = (s- (3)(l- /3). Let w G L P (A"M), where 
p := s//3. Then oj = uvoIm, where u G L P (M). Since /*w = («o /) J/voImj 
we have 



(«o/)'j5vol M = / (uo fyjfjt-^ 
'm 11 

[ (uof) s /Pj f vol M ) ( [ J^^volj 

Jm J \Jm 



P / r \ /VU-£) 



< ( d / m p vo1m / J?vol M < oo. 

\ Jm J \Jm J 

This completes the proof. □ 
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4. Invariant conformal structure 

One of our main tools is an invariant conformal structure for the given 
uniformly quasiregular endomorphism. In what follows we introduce some 
terminology and basic observations on measurable conformal structures. 

A measurable conformal structure G on M is a bounded measurable map- 
ping G: M — > 5(M), where 5"(M) is the space of positive definite symmetric 
bundle self-map on TM of determinant 1. 

We say that a continuous W^-mapping / : M — > M is a G -transformation 
if it satisfies the Beltrami equation 

(4.1) D t f(x)G(f(x))Df(x) = J 2 / n (x)G(x) a.e. x € M. 

The fundamental result of Iwaniec and Martin [11] states that every uni- 
formly quasiregular endomorphism of M is a G-transformation for some 
measurable conformal structure G on M. More precisely, they proved the 
following. 

Theorem 4.1 (Iwaniec-Martin [H]). Let V be an abelian quasiregular semi- 
group of endomorphisms of M. Then there exists a measurable conformal 
structure Gr on M so that all mappings in T are Gr -transformations. 

While Iwaniec and Martin prove the existence of an invariant conformal 
structure only for abelian quasiregular semigroups of § n , their proof applies 
almost verbatim to all closed Riemannian manifolds M. Indeed, in the proof 
of |11| Theorem 5.1], instead of the canonical identification T x § n = M. n for 
x S M. n , where W n C W l = S n , it suffices to use point- wise isometries 
T X M — >■ W 1 given by some orthonormal basis of T X M. at x G M. We leave 
the details to the interested reader. 

Let / : M — > M be a uniformly quasiregular endomorphism. In what 
follows, we denote by G = Gf a choice of a conformal structure G^ for /, 
where (/) is the abelian semigroup generated by /. Note that the conformal 
structure G defines a measurable Riemannian metric (•, -)g ° n M by 

(v,w) G ■= (G(x)v,w) 

for almost every x € M and all v,w € T X M.. We denote by \v\g the norm 
of v with respect to this inner product; we use the same notation for the 
induced inner products and norms for covectors. Furthermore, we denote 

U\\p,g=([ |£(z)|£vol M (*) 
\Jm 

where £ is a measurable form on M. Note that, since detG = 1, the mea- 
surable volume form vole for this Riemannian metric coincides with voIm 
almost everywhere. We note also that, for m- forms £ on M, ||£||n/m,G ^ s 
uniformly comparable to ||£|| n / m , since id: (M, (•, -)g) — > (M, (•, •)) is quasi- 
conformal. 
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The G-transformations f k are conformal mappings in the metric (-,-)g- 
Indeed, 

(Df(x)v, Df(x)w) G =(G(f(x))Df(x)v, Df(x)w) 
= (D t f(x)G(f(x))Df(x)v,w) 

=J 2/n (x)(G(x)v,w) = J 2/n (x)(v,w) G 

for all v, w G T X M. and almost every x G M. 

The measurable Riemannian metric (•, -)q defines an n-Laplace operator 
A n = A n ^ G and, in what follows, we consider the equation A n u = where 
fj, is a finite Borel measure on M, and the pull-back of this equation under 
a G-transformation. The weak form of the equation A n u = *// reads as 

(4.2) f (\du\ G ' 2 du,d^) G vol M = I i/> dn 

Jm Jm 

for all V G G°°(M), or by the density of G°°(M) in W 1,n (M), for all V € 
W ' n (M). We emphasize that the n-Laplace operator A n has measurable 
coefficients and that the equation A n u = *n is, in fact, an .A-harmonic equa- 
tion d*A{du) = *n for the bundle map A(x,£) = (G(x)£,0 (n ~ 2)/2 G{x)£, 
where £ G T*M and x G M. 

A standard argument for >l-harmonic morphism property for quasiregu- 
lar mappings shows that the equation A n u = *u is invariant under a G- 
transformation /, that is, A n (u o /) = *f*[i if u is a solution to (|4.2p : for, 
since / is a G-transformation and u is a solution to (|4.2p . 

/ (|d( U o/)|«- 2 d( U o/),d^} G vol M = / (|d U | G ~ 2 dn,d(/^)) G vol M 
Jm Jm 

= [ m d M = / M/V) 

for all it G W 1 ' n (M) and all V G W 1 ' n {M); see |3 p. 271]. We record this 
G-invariance in terms of ,4-harmonic equations. 

Lemma 4.2. Let f: M — > M be a uniformly quasiregular endomorphism. 
Then there exists a bundle map Af. T*M — > T*M so £/ia£ /or all u G 
W 1 ' n (M), 

/*d*.A/(du) = d*A f (df*u) 

as measures. 



5. A CONSTRUCTION OF EQUILIBRIUM MEASURE 



Let /: M — > M be a uniformly i^-quasiregular endomorphism of degree 
d > 1. Let G be an invariant conformal structure for / and let A n be the 
associated measurable n-Laplace operator. Let A = Af be the bundle map 
determined by A n . 

Lemma 5.1. For every u G W 1 ' n (M) and every ip G W 1 ' n (M), 



(5.1) 



ip*d*A(d(f*u)) 



< iid^ikGiid^iirjd^ 1 )/"'. 
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Proof. Since / is a G-transformation, 

^★dM(d(/*«))= / (\d(uof)\ n G 2 d(uof),di> 
Jm 

l,ni 



for u € W ' n (M) and ip € W ' n (M). Thus, 



^*dU(d(fti)) 



< / \d(uof)\%-i\diP 



\G 



< 



< 



n,G 



n,G 



|d(«°/)|S 



(n-l)/n 



(kH G °/)J/ 



(n-l)/n 



l^olldtiH^"- 1 )/" 
by Holder's inequality and the change of variables. 
Theorem 5.2. There exists a probability measure /if on M such that 

(f k )*0J 



□ 



(5.2) 



d k 



as k — >■ oo whenever u G L p (/\ n M) is an n-form so that J m uj = 1. .Here 
p = p(n, -fT) > 1 is as in Proposition 13.11 



Proof. By Proposition 13. 11 there exists a solution n G W 1,n (M) to the equa- 
tion 

7* w 



(5.3) 



d*^(dn) = * 



Let if> € G°°(M). By Lemmas IO and K2 



ipd 



(fk+ly u {f ky u 



d k+l 



d k 



1 

'"dF 
1 



Mr) 



I: ,* ( 

d 



^*d*A{d{(f k y u )) 



n ,G||du||^G 1 (d fc ) (n " 1)/n " 1 
Idull^tT*/" 



In.Gll^wil^G ' 

for every fe 6 N. Since C°°(M) is dense in C°(M), the weak limit 



:= lim 



exists and satisfies 



(5.4) 



V>d \i 



(f k )*u 
d k 



k^-oo d k 



< \\diP\\ n , G \\du\ 



n,G 



1 - d-V" 



for all V € G°°(M) and for all k E N. 

We show now that the measure // does not depend on the choice of w £ 
L p (/\ n M). Let uj and w' be n-forms in L p (f\ n M) so that 
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Then there exists a solution u £ Ty 1,n (M) to the equation 

d*A{du) =*(u/- u) 
and, by the same computation as the above, for all ip € C°°(M), 

^ " ^) ] * \mn,a\\M\ n ad- k/n - 

as k — > oo. Since C°°(M) is dense in C°(M), the proof is complete. □ 

6. Proof of Theorem [2] 

For the proof of Theorem [2] we need a variant of Packman's Montel the- 
orem ( j22l Corollary IV. 3. 14]) in our setting; the argument is a well-known 
combination of a version of Rickman's Picard theorem and Zalcman's lemma; 
see [8j. 

We denote by B n {r) the open ball in W 1 of radius r > and around the 
origin. 

Proposition 6.1 (Rickman's Montel theorem). There exists q = q(n,K) G 
N so that for every distinct a\, . . . , a q € M, any family {Fj\j 6 N} of K- 
quasiregular mappings Fj : B n — > M omitting a±, . . . ,a q is normal. 

Proof. By a result of Holopainen and Rickman [9], we may fix q = q(n, K) so 
that every if-quasiregular mapping W 1 —> M omitting q points is constant. 

Suppose now that E = {a\, . . . ,a q } is a set of q distinct points on M 
and suppose that a family {Fj } of K -quasiregular mappings B n — > M \ E is 
not normal. Then, changing the affine coordinate if necessary, by Zalcman's 
lemma, there are a sequence (Fj) C {Fj}, a sequence Pi\0 and a sequence 
of points Xi € B n (l/2) tending to the origin such that (Fj) does not converge 
locally uniformly but that the sequence of mappings 

Fj(x) := F(xj + pix) 

from B n ((l/2)/ pi) to M converges to a non-constant F-quasiregular map- 
ping F: R n — > M locally uniformly; see [51 Section 3] or [31 Section 2]. 

Since all Fj omit the set F, we have a Hurwitz type result that F also 
omits the set F: for, if this is not the case, then there exist x$ € F _1 (F) 
and a normal neighborhood of xq. Since Fj|0 — > F|0 uniformly as i — > oo, 

i(x Q ,F) = deg(F(x ),F,ft) = lim deg(F(x ), F, SI) = 0, 

which is a contradiction; see |22|, Section 1.4] for notation and terminology. 
Thus F is constant by the choice of q. This is a contradiction. □ 

Let £(f) the subset of all points in M having a finite backward orbit under 
/, that is, 

£(f) = {x£M;#\Jf- k (x)<cx>}. 

k>0 

Then any a G £(f) is periodic under / and satisfies i(a, f) = d. By an esti- 
mate from [22^ Theorem III. 4. 7], any a G £ (/) is a superattracting periodic 
point of /, and in particular, 

£(f)nj(f) = <&; 
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see [H p. 83]. Since the following expansion property of J{f) holds, by 
Rickman's Montel theorem, £ (/) has the cardinality at most q = q(n, K) in 
Proposition 16,11 

Proposition 6.2. Let f: M — )■ M be a uniformly quasiregular endomor- 
phism. Then for every xq G J{f) and every neighborhood of xq {in M) 
small enough, 

[jf k (n) = M\£(f). 

fceN 



Proof. For each xq G J{f) and each neighborhood Vt of xo, the subset 
M \ UfceN/ fc (^) * s completely invariant under /, and is (possibly empty 
and) finite by Rickman's Montel theorem. Hence M \ UfceN f k (^) c £(/)> 
that is, \J k ^f k (n)DM\S(f). 

If there is xq £ J~(f) such that any neighborhood SI of xo satisfies 
UfceN /*(«) £ M \ £{f), then from f-\£(f)) C £(f), we have x Q G 1(f) = 
£{f). This contradicts £{f) n = 0. □ 

Having Proposition 16.21 at our disposal, we close this section with a proof 
of Theorem [2j 

Proof of Theorem^ Let a G C°°(A n M). Let B = B(x, 3r) be an open ball 
in M.\J~(f). Then {f k \B; k G N} is normal, and by passing to a subsequence, 
we may assume that (f k \B) converges locally uniformly to a if -quasiregular 
mapping F: B -> M. Since Jg, 2r) F*w < oo, by [22, Lemma VI.8.8], 

» f (B(x,r)) = lim 1 / (/ fc )* W < lim 1 / = 0. 

fc-s-oo a"" JB(x,r) fc^oo a J B(x,2r) 

Thus spt/ij C J{f)- In particular, by £ (/) f)J'(f) = 0, we can choose some 
a G spt /iy \£(f). By / _1 (spt/i^) C spt/ij, Proposition 16.21 also concludes 
that J(f) C {/- fe (a);A; G N} C spt fi f . 

Suppose that [ij has an atom a G M. Then a G spt \ij = J(f)- Since 
is invariant under /, 

M/({/(«)}) = (/./*/)({/(«)}) = ^(/W)) > M/(W), 

so #{/ fc ( a ); A; G N} < oo by /i/(M) = 1. Without loss of generality, we may 
assume that f(a) = a. Then since fif is balanced under /, 

„,«.» = qL ({ a }) = twMm, 

which with ///({a}) > implies i(a, f) = d. Hence / _1 (a) = {a}, so a G 
£(/). This contradicts £(/) n = 0. □ 

7. Approximation of the equilibrium measure 

Let /: M — > M be a uniformly if-quasiregular endomorphism of degree 
d> 1. 

Theorem 7.1. T/ie subset 

E{f) := L G M; ^ N as k -+ oo 
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is of Hausdorff dimension at most n — 1. 

Remark 7.2. We note that £(/) C E(f) since for every a G £(/), any weak 
limit of (f k )*6 a /d k has an atom, but \if has no atom by Theorem [2j 

Theorem 17.11 gives a characterization of fit as the unique balanced prob- 
ability measure v under / whose support is in M \ E{f): for, also using the 
Fubini theorem, 

-du = / ( / 0d — — — )du(a) 



d k Jm d k ' J M J u ' d k 

<Ad^-^)d^(a) - / (/ 0d M /)di/ = [ 0d M/ 
M\E(f) JM a JM\E(f) JM Jm 

as k -> oo if G C°(M). 

For the proof of Theorem 17.11 we recall a well-known Riesz-potential esti- 
mate based on Green's functions; we refer to [2J Chapter IV §2.3] for more 
details. 



< ' 1 f^3T vol R 

\y — a \ 



Lemma 7.3. For every a G M and every continuous v G W ' n (M.), 

v(a) - 4 i>(y)vol M 
Jm 

Proof. Suppose first that v G W 1,n (M) and set 

u := v - 4 v (y)vol M - 
Jm 

For every a G M, by [2, Theorem 4.13] and integration by parts, we have 

| it (a) | < / (V y G(a,y), Vu(y))vo\ M 
Jm 

for every u G C 2 (M) of zero mean on M. Here G(-, •) is Green's function on 
M. Moreover, there exists C > so that \V y G(y,a)\ < C\y — a| 1_n for all 
distinct a, y G M. Thus 

|Vu(y)j 



\u(a)\ < 

"»2, 



\y — a\ n 1 



for every u G C (M) of zero mean on M. 

In the general case of v G W 1,n (M), we may approximate, by a stan- 
dard convolution argument, v by C°°-smooth functions V}~ so that u f. — > w 
uniformly and ||Vu — Vi^H^i — >• as A; — > oo. The claim now follows. □ 

A key part of the proof of Theorem l7.1l is the following capacity estimate. 

Lemma 7.4. Let oj = vo1m/vo1m(M). Then for every 4> £ C°°(M) ; every 
e > and every k > 0, the subset 

(f k )*(6 a -u) 



K £jk {4>) := <.a G M: 
is compact and 

Ci (K e , fc (0)) < 



if 1/w ||W>||, 

£( Jk/n 



> £ 
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Proof. For every a G M, every e > and k > 0, since 



(/*)*(<?„ -0;) 



1 



(/ fc )^(y)da;, 



the set K £ ^(cj)) is clearly closed, so compact. 

To show the second claim, let e > 0, k G N, and € C°°(M). We may 
assume that C\{K e ^{4>)) > 0. Let /i be an equilibrium measure of K £ ^{4>) 
with respect to 1-Riesz kernel on M. Let Q = Wl\f k (Bjk), where Bjk is the 
branch set of / fc , that is, the set where f k fails to be a local homeomorphism. 

Since M is closed, we may cover M with finitely many 2-bilipschitz charts. 
Then, applying the Vitali covering theorem locally in charts, we may cover 
O, up to a cj-nullset, with a countable collection {-Bi} of domains that are 
2-bilipschitz equivalent to Euclidean n-balls and are chosen so that f k is 
univalent in components of (f k )~ 1 (Bi). 

We denote by the inverses Bi — > Up where C/j is a component of 

U k ) G {!)•••> d k })- For every j G {1, . . . , we define the map- 
ping 



such that gj\Bi = g l - for each i. Put Uj := 5j(Ui^)- Then 
and Uj n Lfy = if j ^ /. 

Put v = v (t> := {f k )*(j)/d k . Then 



\U,^l = o 



e < 



< 



u(o) 



(/ fc )*(S -u,) 



u(y)vol M 



d/i(a) 



d/i(a) 



bmce / fc (S /fc ) has zero measure, by Lemma 17.31 and the change of variables, 
for every j G {1, . . . , d k }, 



e < 




Vv\(y) 



M r y 

<> |o - y| n ~ 

V^|(/ fe (x)) 



— vol M j d/i(a 



r vol M j d/i(a 

Jtkix 



kfrr\\n—l f 



d / u(a) 



^(/ fc (x))|V W |(/ fc (x))J ffc (x)vol M 



<Ci(iT £ifc (0)) 



-i 



\Vv(x)\(f k (x))J fk (x)vol M . 
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Here the last inequality follows from (|2.2p . Hence 

d k 

C^K^)) < \Vv(x)\(f k (x))J fk (o 



On the other hand, 



lJVv(x)\(f*(x))J fh (x 



Jfk(x) 



\Vv\(f k (x))J fk (x)<^\v^o 9l )(f k ( x )) 

3=1 
d k 

<^El^l(/ fc W)|V0(x)|(^(/ fc (x)))J /fc (x) 

3=1 

<KV n ±^\V<t>(x)\jV n (f k (x))J fk (x) 



<^ 1/B ^Eiv^)iJ<r 1)/B (x) 



=^/"iv0(x)ij}r i)/ra (x) 

for almost every x € M. Thus 

-r k \ \Vv\(f k (x))J fk (x) V ol M <-^ |V^)|4r 1)/n (x)vol 



< 



^"IjV^lln 

d k 



Jfk (x)voln 



(n-l)/n 



< ^lV0iln dfc(n -l)/ w 
KVn||V^|| n 



< 



d k / n 



which completes the proof. 



□ 



Proof of Theorem U ,1[ Let w = voIm/voIr 
a € M, we have 



lim sup 

k— >oo 



lim sup 

k— >oo 



By Theorem 15,21 for every 



For every <fi E C°°(M), we show that for every e > 0, the set 



E(4>) := \ a e M : lim sup 

k— >oo 



d k 



> 



has the (n — 1 + e)-dimensional Hausdorff measure 0. Then the proof will 
be complete since a countable subset of C°°(M) is dense in C(M) and (|5.2p 
holds. 
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Suppose that for some e > 0, T-L^ n ~ l+e \E{(l))) > 0. Then there exists a 
compact subset K' C E((ft) of positive (n — 1 + e)-dimensional Hausdorff 
measure. For every i£N and every k € N, we denote 



EH 



(/ fc )*(<5 a -^) ^ , t 



1 

> - 

i 



Then k (<ft) is compact and, by the monotonicity of capacity and Lemma 



Thus the Hausdorff (n — 1 + e)-content A n _i+ e (if[ ^ fc ) of -fT^ fc is estimated 



as 



\ n - 1+e (K' 1/ijk (<j))) < i 



^ 1/n ||V</)||oo' 



n-l + c 
n-1 



Sd k/n J 

for every i € N; see [131 Corollary III. 4. 2]. Thus 

A n _ 1+e (^)) =a„- 1+£ ( u n u K i/i,M 



N->oo 
«GN fc>7V 



On the other hand, the assumption % <yn ~ 1+e \E{(f))) > implies that A n _i +e (£'(0)) > 
0. This is a contradiction. 

Now the proof is complete. □ 



8. Proof of Theorem 



We dedicate this section for the proof of the last result mentioned in 
Section [TJ Theorem In what follows, G is an invariant conformal structure 
for the uniformly quasiregular endomorphism / of M. In particular, / is a 
G-transformation. 

Suppose first that ift and (ft are C°°-functions on M, and let oj G C°°(/\ n M) 
be an n-form satisfying 

/ w = 1. 

As in the proof of Theorem 15.21 let u be a solution to the equation 

7*u, 



d*A f (du) = * 



d 



as in (|5.3p . The first step is to show that 

(f k+m )*UJ 



v#°r)dLu/ 



< C\\&u\\ n nad- m/n 



for all fc, m G N, where C depends only on ip, (ft and n. 
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Since / is a G-transformation, for all k G N, 

|d(0o/ fe )|£vol M 



l|d(0o/ fc )||" 



(|d</»|go/ fc )J /fc vol 8 



d K 



G 



vol M = d 



n,Gi 



where the third equality follows from the change of variables. Thus 

l|d(V(<W fe ))|k G < ||(0o/ fc )dVIU,G+IIM0°/ fe )lkG 

< Moo\\di>\\ n , G + U\U\d4>\\ n , G d k/n 

< C'd k/n 

for all k G N, where C > depends only on ip and </>. Thus, by (|5.4p . we 
have 



^o/*)dU/ 



(f k + m )*to 



< ||d(^o/*))l|n, G ||d<C 

J— m/n 

— ii iin,Cr j _ 2~ 2/n 



j-(fc+m)/Tj 
n-1 " 



|G ^ ^—(k+m)/n 



which proves (|8.1|) by choosing C = C"/(l - 2~ 2 / n ). 

To show (|1.2p . let e > 0. Having (|8.ip at our disposal, we may fix too > 
so that 



< e/2 



for all G N and all to > too- 
For each to > toq, let us denote 



T = T„ 



U m )*w 
d m 



for brevity. By the higher integrability of quasiregular mappings, we have, 
as in the proof of Proposition 13.11 that r G L p (/\ n M) for some p > 1. Since 
0r G L p (/\ n M), we conclude, by Theorem 15.21 that 

(f k T(<pr) 



d k 



as k — > oo. Thus 

(f k+m )*u 



^(0o/ fc )d 
(/ fc )*(^r) 



(/ fc )v 



^d 



d k 



V> d/j,f J I / <^dr 



as A; — > oo. 

In particular, there exists ko = ko(m) > so that 



^o/ fc )d/V- 
if fc > fco and to > toq. Since 



ip dn f 
d m 



d m 



< e 



as to — y oo, we obtain (jl.2p for smooth functions ifi and on 
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The equality (jl.2p for ifj,(f) £ C°°(M) together with standard approxima- 
tion arguments yield 



In particular, fj,f is ergodic; see e.g. |2H Section 2.5]. The proof of Theorem 
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